A deformed relativistic Hartree Bogoliubov (RHB) theory in continuum is developed aiming at a proper description of exotic nuclei, particularly those with a large spatial extension. In order to give an adequate consideration of both the contribution of the continuum and the large spatial distribution in exotic nuclei, the deformed RHB equations are solved in a Woods-Saxon (WS) basis in which the radial wave functions have a proper asymptotic behavior at large distance from the nuclear center. This is crucial for the proper description of a possible halo. The formalism of deformed RHB theory in continuum is presented. A stable nucleus, 20 Mg and a weakly-bound nucleus, 42 Mg, are taken as examples to present numerical details and to carry out necessary numerical checks. In addition, the ground state properties of even-even magnesium isotopes are investigated. The generic conditions of the formation of a halo in weakly bound deformed systems and the shape of the halo in deformed nuclei are discussed. We show that the existence and the deformation of a possible neutron halo depend essentially on the quantum numbers of the main components of the single particle orbitals in the vicinity of the Fermi surface.
I. INTRODUCTION
The development of radioactive ion beam facilities around the world [1] [2] [3] [4] [5] [6] [7] stimulates very much the study of nuclei far from the β stability line [8] [9] [10] [11] [12] [13] [14] [15] [16] . Some new and exotic phenomena have been observed in nuclei close to drip lines such as neutron or proton halos [17] [18] [19] , changes of nuclear magic numbers [20] , pygmy resonances [21] , etc. In halo nuclei, the fact of an extremely weakly binding leads to many new features, e.g., the coupling between bound states and the continuum due to pairing correlations and very extended spatial density distributions. Therefore one must consider properly the asymptotic behavior of nuclear densities at large distance r from the center and treat in a self consistent way the discrete bound states, the continuum and the coupling between them in order to give a proper theoretical description of the halo phenomenon [22] [23] [24] . This could be achieved by solving the non-relativistic Hartree-FockBogoliubov (HFB) [25, 26] or the relativistic Hartree Bogoliubov (RHB) [27] [28] [29] equations in coordinate (r) space which can fully take into account the mean-field effects of the coupling to the continuum. The resonant-BCS (rBCS) approach presents an other method to include the contribution of the resonant continuum which has been used to study halo phenomena [30, 31] .
The solution of the coupled differential equations of HFB and RHB theories is particular simple in spherical systems with local potentials, where one-dimensional * sgzhou@itp.ac.cn Numerov or Runge-Kutta methods [32] can be applied and this is true even for non-local problems where Finite Element Methods (FEM) [33] have been used. A different method to solve such equations is the expansion of the single particle wave functions in an appropriate basis. The oscillator basis has been used for this purpose with a great success for deformed or non-local systems in the past [34] [35] [36] [37] . The Woods-Saxon basis has been proposed in Ref. [38] as a reconciler between the harmonic oscillator basis and the integration in coordinate space. Woods-Saxon wave functions have a much more realistic asymptotic behavior at large r than the harmonic oscillator wave functions do. A discrete set of Woods-Saxon wave functions is obtained by using box boundary conditions to discretize the continuum. It has been shown in Ref. [38] for spherical systems that the solution of the relativistic Hartree equations in a Woods-Saxon basis is almost equivalent to the solution in coordinate space. The Woods-Saxon basis has also been used in more complicated situations, e.g., for the description of exotic nuclei where both deformation and pairing have to be taken into account. Recently, for spherical systems, both nonrelativistic and relativistic Hartree-Fock-Bogoliubov theories with forces of finite range have been investigated in a Woods-Saxon basis [39, 40] .
Over the past years, lots of efforts have been made to develop a deformed relativistic Hartree (RH) theory [41] and a deformed relativistic Hartree Bogoliubov theory in continuum [42] . As a first application, halo phenomena in deformed nuclei have been investigated within the continuum RHB theory and some brief results can be found in Ref. [43] . In this paper we present the full version of the theoretical framework with all the details.
Spherical symmetry facilitates considerably the treatment of the continuum in non-relativistic HFB [25, 26] and in relativistic RHB theory [27] [28] [29] in r-space. Since most of the known nuclei are deformed, interesting questions arise, whether or not deformed halos exist and what new features can be expected in deformed exotic nuclei [44] [45] [46] [47] [48] [49] . Such questions can be answered by the deformed counterparts of the HFB or RHB theories in coordinate space. From the experimental point of view, 31 Ne is measured to be a strongly deformed halo nucleus [50] , and for the well deformed magnesium isotopes, 35 Mg is probably a halo nucleus too [51] . Nevertheless for deformed nuclei, to solve the HFB or RHB equations in r space becomes much more sophisticated and numerically very time consuming. Many efforts have been made to develop non-relativistic HFB theories either in (discretized) coordinate space or in a scaled oscillator basis with improved asymptotic behavior [37] . The HFB equations have been solved in three-dimensional coordinate space by combining the imaginary time approach and the two basis method [52] with a truncated basis composed of discrete localized states and discretized continuum states up to a few MeV [53] . Alternatively, the HFB equations have been solved on a two-dimensional basis-spline Galerkin lattices [54] [55] [56] or on a three-dimensional Cartesian mesh [57] using the canonical-basis approach [58] . Recently, the Gaussian expansion method is used to solve the HF and HFB equations for deformed nuclei [59] and continuum Skyrme-Hartree-Fock-Bogoliubov approaches have been developed both for spherical and deformed nuclei [60] . The deformed relativistic Hartree Bogoliubov (RHB) theory has only been solved in the conventional harmonic oscillator basis [61] [62] [63] [64] and neither the abovementioned approaches nor other methods which could improve the asymptotic behavior of the nuclear densities at large r have been implemented in the deformed RHB theory so far.
In this paper we present a method, which allows to take into account at the same time the coupling to the continuum, deformations, and pairing correlations in a fully self-consistent way. For this purpose we expand the deformed Dirac spinors in a basis of spherical Dirac wave functions obtained by the solution of the Dirac equations for potentials with spherical Woods-Saxon shape. This idea is similar to a method proposed in Ref. [65] for the solution of the deformed relativistic mean field (RMF) equations in light nuclei, where the deformed Diracspinors were expanded in terms of the self-consistent solutions of the spherical RMF-equations. As compared to these early calculations our method is simpler, because it is based on Woods-Saxon wave functions. On the other side it is more general, because it allows to include pairing correlations, which play an essential role in the formation of halo structures.
The paper is organized as follows. In Sec. II, we give the formalism of the deformed RHB theory in continuum. The numerical details are presented in Sec. III and we discuss applications and detailed results for magnesium isotopes in Sec. IV. A summary is given in Sec. V.
II. FORMALISM OF THE DEFORMED RELATIVISTIC HARTREE BOGOLIUBOV THEORY IN CONTINUUM
The starting point of relativistic mean field theory is a Lagrangian density where nucleons are described as Dirac spinors which interact via the exchanges of effective mesons (σ, ω, and ρ) and the photon [66] [67] [68] [69] [70] [71] [72] ,
where M is the nucleon mass, and m σ , g σ , m ω , g ω , m ρ , g ρ masses and coupling constants of the respective mesons. The nonlinear self-coupling for the scalar meson is given by [73] U
and field tensors for the vector mesons and the photon fields are defined as
Pairing correlations are crucial in the description of open shell nuclei. For exotic nuclei, the conventional BCS approach turns out to be only a poor approximation [26] . Starting from the Lagrangian density (1), a relativistic theory of pairing correlations in nuclei has been developed by Kucharek and Ring [74] . If we neglect the Fock terms as it is usually done in the covariant density functional theory, the Dirac Hartree Bogoliubov (RHB) equation for the nucleons reads,
where E k is the quasiparticle energy, λ is the chemical potential, and h D is the Dirac Hamiltonian,
The scalar and vector potentials
depend on the scalar field σ and on the time-like components ω 0 , ρ 0 , and A 0 of the iso-scalar vector field ω, the 3-component of iso-vector vector field ρ and the photon field. The equations of motion for the mesons and the photon
have as sources the various densities
where, according to the no-sea approximation, the sum over k > 0 runs over the quasi-particle states corresponding to single particle energies in and above the Fermi sea. The pairing potential reads,
where p = 1, 2 is used to represent the large and small components of the Dirac spinors. V pp is the effective pairing interaction and κ(r 1 s
is the pairing tensor [75] .
In the particle-particle (pp) channel, we use a density dependent zero range force,
1 2 (1 − P σ ) projects onto spin S = 0 component in the pairing field. In this case the gap equation (10) has the simple form
and we need only the local part of the pairing tensor
Details of the calculation of the pairing interaction and the pairing tensor are given in Appendices B and E respectively.
For axially deformed nuclei with spatial reflection symmetry, we expand the potentials S(r) and V (r) in Eqs. (6) and (7) and the densities in Eq. (9) in terms of the Legendre polynomials [76] ,
with
The quasiparticle wave functions U k and V k in Eq. (4) are Dirac spinors. Each of them is expanded in terms of spherical Dirac spinors ϕ nκm (rsp) with the eigenvalues ǫ nκ obtained from the solution of a Dirac equation h (0) D containing spherical potentials S (0) (r) and V (0) (r) of Woods-Saxon shape [38, 77] :
The basis wave function reads
where G nκ (r)/r and F nκ (r)/r the radial wave functions for the upper and lower components. The spherical spinor ϕ nκm is characterized by the radial quantum number n, angular quantum j and the parity π. j and π are combined to the relativistic quantum number κ = π(−1) j+1/2 (j + 1/2) which runs over positive and negative integers κ = ±1, ±2, · · · . Y (4) is equivalent to the diagonalization of the matrix
where
and
Further details are given in Appendix B.
Since we use a zero range pairing force we have to introduce a pairing cutoff in the sums of Eqs. (9) and (13) over the quasiparticle space. In the present work, a smooth cut off is adopted where two parameters, E q.p. cut and Γ q.p. cut , are introduced and the square root of the factor
is multiplied in the occupation component V k (r) of each quasi particle state with v 2 < 1/2. Note that this smooth cutoff is similar as the soft cutoff proposed in Ref. [78] .
The total energy of a nucleus is
For a zero range force the pairing field ∆(r) is local and the pairing energy is calculated as
The center of mass correction energy
is calculated after variation with the wave functions of the self-consistent solution [79, 80] or in the oscillator approximation
Details are given in Appendix G. The root mean square (rms) radius is calculated as
where τ represents the proton, the neutron, or the nucleon. The rms charge radius is calculated simply as r 
The quadrupole deformation parameter is obtained from the quadrupole moment by
where N τ refers to the number of neutron, proton, or nucleon.
III. NUMERICAL DETAILS AND ROUTINE CHECKS A. Details on the Woods-Saxon basis
For numerical reasons several parameters have to be introduced in the calculations, e.g., the mesh size ∆r, the box size R box for the determination of the basis wave functions by solving the spherical Dirac equations with the Hamiltonian h (0) D , the maximal λ-value λ max in the expansion Eq. (14) of the deformed fields and densities, the cutoff parameters for the radial and angular quantum numbers n and κ in the expansion of Eqs. (16) and (17), n max and κ max . Instead of n max , we introduced an energy cutoff parameter E + cut for positive energy states in the Woods-Saxon basis and in each κ-block, the number of negative energy states in the Dirac sea is the same as that of positive energy states above the Dirac gap [38] . We have investigated the dependence of our results on these parameters in spherical and deformed relativistic Hartree models [38, 41] . It is found that a box of the size R box = 4r 0 A 1/3 with r 0 = 1.2 fm, a step size ∆r = 0.1 fm, λ max = 4, and |κ max | = 15 leads in light nuclei to an acceptable accuracy of less than 0.1 % for the binding energies, the rms radii, and the quadrupole moments .
In the present work we use the determination of the Woods-Saxon basis a box size R box = 20 fm, a mesh size ∆r = 0.1 fm and a cutoff energy E + cut = 100 MeV. In each κ-block in the Woods-Saxon basis, the number of negative energy states in the Dirac sea is the same as that of positive energy states above the Dirac gap. In Sec. III C we investigate the convergence of our results with respect to these three parameters.
In order to reduce the computational time, λ max = 4 and |κ max | = 10 are used in this work. The parameter sets NL3 [81] and PK1 [79] are used for the Lagrangian density. Note that the center of mass correction energy is calculated differently with these two parameter sets. For NL3, the empirical formula in Eq. (28) is used and for PK1, the center of mass correction energy is calculated microscopically (see Appendix G).
B. Parameters for the pairing force
There are two parameters in the phenomenological pairing force Eq. (11), namely, V 0 and ρ sat , and two additional ones in the smooth cutoff Eq. (23). We take the empirical value 0.152 fm −3 for the saturation density ρ sat . The pairing strength V 0 , the cutoff E q.p.
cut is fixed by reproducing the proton pairing energy of the Gogny force D1S in the spherical nucleus 20 Mg. We first calculate the ground state properties of 20 Mg by using the spherical relativistic Hartree Bogoliubov theory in a harmonic oscillator basis (SRHBHO) [82] in which the Gogny-D1S [83] force is used in the pp channel. The pairing energy for protons is obtained as −9.2382 MeV. In Table I Mg. These parameters for the pairing are used in all the following calculations regardless of whether NL3 or PK1 is used for the RMF Lagrangian density.
C. Completeness of the Woods-Saxon basis
The spherical nucleus 20 Mg has been investigated as the first test of the deformed RHB theory and some results were given in Fig. 1 in Ref. [42] . A comparison was made between results obtained for ground state properties of the spherical nucleus 20 Mg with the spherical RCHB code [29] based on the Runge-Kutta method in the radial coordinate r and the new deformed RHB code discussed in this manuscript. We summarize these comparison in Table II . From the lowest to the top panels, the total binding energy EB, the quadrupole deformation β, and the rms radius R are plotted. The parameter set is NL3, the box size is R box = 20 fm and the step size is ∆r = 0.1 fm.
set NL3, a box of the size R box = 4r 0 A 1/3 = 13.0 fm and a step size ∆r = 0.1 fm are used. The surface δ pairing force is used with the strength V 0 = −374 MeV fm 3 and ρ sat = 0.152 fm −3 . A sharp cutoff is applied on the quasiparticle states with E q.p. cut = 60 MeV. It is shown that when the basis size increases, the total binding energy E, the proton pairing energy E p pair , and the rms radius R all converge to the corresponding exact values. In practical calculations, E + cut may be chosen according to the balance between the desired accuracy and the computational cost. It is concluded [42] that for light nuclei, one can safely use E + cut = 100 MeV which results in accuracies in the total binding energy and the proton pairing energy of about a hundred keV and in the rms radius of around 0.002 fm.
Since we are also interested in drip-line nuclei, next we study the dependence of the deformed RHB results on the completeness of the Woods-Saxon basis for a very neutron rich nucleus. In this subsection we study the results with different values of E + cut . For the calculation with a Woods-Saxon basis [38] , a box of the size R box = 4r 0 A 1/3 with r 0 = 1.2 fm is used. In this case R box is different for different magnesium isotopes, e.g., 13 .0 fm for 20 Mg and 16.7 fm for 42 Mg. In the present work, we prefer to use a fixed box size R box = 20 fm which is large enough for all magnesium isotopes. The mesh size for the radial wave function of each Woods-Saxon state is taken as 0.1 fm.
For 42 Mg both prolate and oblate minima in the potential energy surface are searched for and it is found that the ground state is prolate. In Fig. 1 ing energy E B , the quadrupole deformation β, and the rms radius R are plotted as functions of E + cut for the prolate ground state and for the oblate minimum of 42 Mg, respectively. Apparently, when we increase E + cut , these quantities all converge well. Similar as in the case of the spherical nucleus 20 Mg, for light deformed nuclei, the cutoff E + cut = 100 MeV results in relative accuracies of 0.5% for the quadrupole deformation, 0.05% for the rms radius, and 0.1 % for the total binding energy.
The box size R box = 20 fm and the cutoff energy E + cut = 100 MeV are fixed when we investigate the convergence of the deformed RHB results with respect to the mesh size ∆r. In Fig. 2 it is shown that when the mesh size decreases, the total binding energy E B , the quadrupole deformation β, and the rms radius R all converge well. The difference of the binding energy between calculations with ∆r = 0.1 fm and ∆r = 0.05 fm is smaller than 0.025 MeV for both minima, which is about 0.008% of the total binding energy. When ∆r is decreased from 0.1 fm to 0.05 fm, the relative changes of the quadrupole deformation β and the radius R are both smaller than 0.01%. Figure 3 shows the same quantities as a function of the box size R box . The relative deviations between the rms radius R at R box = 20 fm and R box = 30 fm are about 0.1% for the prolate ground state and 0.01% for the oblate minimum. The box size R box = 20 fm gives also a good accuracy For the quadrupole deformation β and the binding energy.
In conclusion, in the following calculations, we fix the box size at R box = 20 fm, the mesh size at ∆r = 0.1 fm, and the cutoff energy for positive energy states in the Woods-Saxon basis at E + cut = 100 MeV. In each κ-block, the number of negative energy states in the Dirac sea is the same as that of positive energy states above the Dirac gap. The cutoff parameter for λ in the expansion Eq. (14), λ max = 4 and the cutoff parameter for the angular quantum number κ in the expansion Eq. (17) is |κ max | = 10. With these values we do not introduce sizable errors.
IV. RESULTS AND DISCUSSIONS
In this section, we present results from the deformed RHB theory in continuum. We choose magnesium isotopes as examples. After discussing the bulk properties of magnesium isotopes, we will focus on the neutron rich nucleus 42 Mg.
A. Bulk properties of magnesium isotopes Figure 4 shows the neutron Fermi energy λ n and two neutron separation energy S 2n of magnesium isotopes calculated with the parameter sets NL3 [81] and PK1 [79] . The separation energies are compared with data taken from Ref. [84] . Except the different prediction of the two-neutron drip line nucleus, the results of the neutron Fermi surfaces and two neutron separation energies are very similar for both parameter sets. The calculated two neutron separation energies S 2n of magnesium isotopes agree reasonably well with the available experimental values except for 32 Mg. The large discrepancy in 32 Mg is connected to the shape and the shell structure at N = 20 and will be discussed later.
Experimentally the nucleus 40 Mg has been ob- served [85] . Theoretically there are several predictions on the last bound nucleus in Mg isotopes, e.g., 44 Mg in the phenomenological finite range droplet model [86] , 40 Mg in a macroscopic-microscopic model [87] , a RMF model with the parameter set NLSH [88] , and the Skyrme HFB model with the parameter set SLy4 and solved in a 3-dimensional Cartesian mesh [52] , and 42 Mg from the Skyrme HFB model with SLy4 but solved in a transformed harmonic oscillator basis [37] and the HFB21 mass table [89] . Therefore the prediction of the twoneutron drip line nucleus in Mg isotopes is both model and parametrization dependent. In our deformed RHB calculations with the parameter set NL3, 46 Mg is the last nucleus of which the neutron Fermi surface is negative and the two neutron separation energy is positive. However, with the parameter set PK1, 42 Mg is predicted to be the last nucleus within the two-neutron drip line.
The comparison of the quadrupole deformation β between the theory and the experiment are given in Fig. 5 . The experimental values of β is extracted from the measured B(E2 : 0 ground state quadrupole deformations β calculated with both parameter sets reproduce the data rather well. Exceptions are the nuclei 32 Mg, which turns out to be spherical in both models and 30 Mg, which is prolate and slightly less deformed than the experiment for PK1 and slightly oblate for NL3. In 32 Mg, the gap between the neutron levels 1d 3/2 and 1f 7/2 is almost 7 MeV which results in a strong closed shell at N = 20. Therefore the deformed RHB calculations with both parameter sets predict spherical shapes for this nucleus. This also results in a large discrepancy from the experiment for the two neutron separation energy S 2n of 32 Mg as it is seen in Fig. 4 . Other mean field models predict spherical or almost spherical shapes for 32 Mg too [52, 88, [91] [92] [93] [94] [95] [96] . For the isotopes beyond this nucleus with 32 < A < 46 we observe large deformations, the so called "island of inversion" [97] [98] [99] [100] which is related to the quenching of the N = 20 shell closure. On the mean field level the nucleus 32 Mg does not belong to this island yet. In fact, going beyond mean field and calculating the energy surface as a function of the deformation parameters one finds that this nucleus is a transitional nucleus with an extended shoulder reaching to large deformations. This leads in GCM calculations with the Gogny force [93] to wavefunctions with large fluctuations in deformation space and to a large B(E2 : 0
) value as it is observed in the experiment [101] . So far it is an open question, why other GCM calculations based on Skyrme forces [102] or on the relativistic point coupling model PC-F1 [96] cannot reproduce this fact.
Up to 42 Mg, the deformed RHB results from the parameter set NL3 are very similar to those from the parameter set PK1. Therefore in the following we will mainly focus our discussion on the results from PK1.
In Fig. 6 , the root mean square radii for magnesium isotopes are plotted as functions of the neutron number. We We display the neutron radius Rn, the proton radius Rp, the matter radius Rt, and the available data for Rt [51, 103] . The r0A 1/3 curve is included to guide the eye.
display neutron radii R n , proton radii R p , matter radii R t , the r 0 A 1/3 curve with r 0 = 1 fm, and experimental matter radii [51, 103] . The proton radius are almost a constant with a very slow increase with increasing N due to the neutron-proton coupling included in the mean field. With the neutron number increasing, the neutron radius R n increases monotonically with an exception at 32 Mg. The neutron radius of 32 Mg is relatively small, which is again due to the strong shell effect at N = 20 in the mean field calculations. It is shown that the deformed RHB results agree well with the experiment for the matter radius. The calculated matter radius follows roughly the r 0 A 1/3 curve up to A = 34. From 36 Mg on, the matter radius lies much high above the r 0 A 1/3 curve. This may indicate some exotic structure in these nuclei. Figure 7 shows neutron density profiles of even-even magnesium isotopes with A ≥ 28 calculated with the parameter set PK1. ρ n,λ=0 (r) represents the spherical component of the neutron density distribution (cf. Eq. 14). ρ n (z, r ⊥ = 0) with r ⊥ = x 2 + y 2 refers to the density distribution along the symmetry axis z (θ = 0
• ) and ρ n (z = 0, r ⊥ ) refers to that perpendicular to the symmetry axis z (θ = 90
• ). With increasing A, the spherical component of the neutron density distribution ρ n,λ=0 (r) changes rapidly at 42 Mg. The density distribution along the symmetry axis ρ n (z, r ⊥ = 0) changes abruptly from 32 Mg to 34 Mg. This can be understood easily by the change in shape in going from the spherical 32 Mg to the prolate 34 Mg where the density is elongated along the z axis. In the direction perpendicular to the symmetry axis, the neutron density ρ n (z = 0, r ⊥ ) of 42 Mg extends very far away from the center of the nucleus and a long tail emerges, revealing the formation of a halo.
By comparing ρ n (z, r ⊥ = 0) and ρ n (z = 0, r ⊥ ) for 42 Mg, it is found that in the tail part, the neutron density extends more along the direction perpendicular to the symmetry axis. Since this nucleus as a whole is prolate, it indicates that the neutron tail has a different shape as the core. This fact is similar to the decoupling of the shape of the halo from the shape of the core found for 44 Mg in Ref. [43] . Next we will concentrate on 42 Mg and discuss in details the structure of its ground state. In the calculations based on the parameter set PK1, the chain of Mg isotopes reaches the two-neutron drip line at the nucleus 42 Mg. Its properties are summarized in Table III . For 42 Mg we find two minima in the energy surface as a function of the deformation parameter β. The lower one has a prolate shape and corresponds to the ground state of 42 Mg. The second minimum has an oblate shape. From RMF calculations allowing for triaxial deformations [104] we know, however, that the oblate minimum is not stable. It forms a saddle point in the (β-γ) plane and therefore it does not correspond to an isomeric state. The ground state is well deformed with a quadrupole deformation β ≈ 0.41, and a very small two neutron separation energy S 2n ≈ 0.22 MeV. The density distribution of this weakly bound nucleus has a very long tail in the direction perpendicular to the symmetry axis (cf. Fig. 7) , which indicates the prolate nucleus 42 Mg has an oblate halo.
The density distribution in Fig. 8 is decomposed into contributions of the oblate "Halo" and of the prolate "Core". Details of this decomposition will be given further down. This indicates the decoupling between the deformations of the core and the halo.
Pairing correlations play a very important role in the formation of the halo [27] . For the parameter set PK1 we find in Table III (S = 0) states and elements diagonal in the quantum number p are taken into account in the pairing tensor. See appendix F for more details concerning this assumption. In Fig. 9 we show the components κ Weakly bound orbitals or those embedded in the continuum play a crucial role in the formation of a nuclear halo [27, 105, 106] . In order to have an intuitive understanding of the single particle structure, the canonical basis is constructed by the method given in Ref. [29] . The single particle spectrum around the Fermi level for the ground state of 42 Mg is shown in Fig. 10 . For an axially deformed nucleus with spatial reflection symmetry, the good quantum numbers of each single particle state include the parity π and the third component of the angular momentum m (labeled by the Nilsson quantum number Ω in the figures). The occupation probabilities v 2 in the canonical basis have BCS-form [75] and are given by the length of the horizontal lines in Fig. 10 . To guide the eye we also show by a blue dashed line the BCS-formula calculated with an average gap parameter. The levels close to the threshold are labeled by the number i according to their energies, and their conserved quantum number Ω π as well as the main spherical components are given at the right hand side. The neutron Fermi level is within the pf shell and most of the single particle levels have negative parities. Since the chemical potential λ n ≈ −175 keV is negative, the corresponding density ρ(r) is localized and the particles occupying the levels in the continuum are bound [26] . Since the chemical potential λ n is close to the continuum, orbitals above the threshold have noticeable occupations due to the pairing correlations. For instance, the occupation probability of the fifth level (Ω π = 3/2 − ) is 31.5%. The fourth level Ω π = 1/2 − is just below the threshold with a single particle energy in the canonical 42 Mg in the canonical basis as a function of the occupation probability v 2 . The order i, good quantum numbers Ω π , and the main spherical components for orbitals close to the threshold are also given. The blue dashed line corresponds to the BCS-formula with an average pairing gap.
basis ε can = −0.234 MeV and an occupation probability of 53.0%. All the other levels below that orbital are well bound with ε can < −2 MeV. Similar to those of 44 Mg in Ref. [43] , the single neutron levels of 42 Mg can be divided into two parts, the deeply bound levels (ε can < −2 MeV) corresponding to the "core", and the remaining weakly bound levels close to the threshold (ε can > −0.3 MeV) and in the continuum corresponding to the "halo".
We have already seen in Fig. 8 that the core is prolate and the halo is oblate. According to Eq. (14) the density distributions of the core and of the halo are decomposed into spherical (λ = 0), quadrupole (λ = 2), and hexadecapole (λ = 4) components in Fig. 11 . The quadrupole component of the core turns out to be positive, which is consistent with the prolate shape of 42 Mg in the ground state. However, for the halo, the quadrupole component is mainly negative, which means the halo has an oblate shape. This explains the decoupling between the quadrupole deformations of the core and the halo. We also find in Fig. 11 that the spherical component is absolutely the main part of the density distribution for both the core and the halo, and that the hexadecapole component in the density distribution of the neutron halo is also noticeable.
In order to study the formation mechanism of the halo in more detail, we show in Fig. 12(a) the main (spherical) components ρ i n,λ=0 of the density distribution for the weakly bound neutron orbitals i. Figure 12(b) gives the ratio of these spherical components ρ i n,λ=0 to the spherical component of the total neutron density ρ n,λ=0 . One can clearly see that far away from the center, the main contribution comes from the 4th and 5th levels. Almost 80% of the total density distribution in the tail part comes from these two levels which are close to the Fermi surface. Level 7 is embedded in the continuum and gives also some contribution to the tail of the total density distribution. However, the occupation probability of this level is just 5.7%, so its contribution is very small. The occupation probability of level 6 is 7.9%, a bit lager than that of level 7. But there is almost no contribution to the tail of total density from this level. By examining the spherical Woods-Saxon components, it is found that the main component of level 6 is 1f 7/2 . The large centrifugal barrier of f states with l = 3 hinders strongly its spatial extension. For level 7, about 31.3% contribution comes from 2p 1/2 with a small centrifugal barrier and therefore the density can extend far away from the center of the nucleus.
As it is shown in Fig. 12 , the halo is mainly formed by level 4 and level 5 with occupation probabilities of 53.0% and 31.5% respectively. Having in mind the degeneracy 2 for each single particle level, the occupation number of these two orbitals is about 1.7. If we decompose the deformed wave functions of these two orbitals in the spherical Woods-Saxon basis, it turns out that in both cases the major part comes from p waves, as indicated on the right-hand side of Fig. 10 . For level 4 (Ω π = 1/2 − ), the probability of 2p 3/2 , 1f 5/2 , and 2p 1/2 are 37.0%, 32.3%, and 21.2% respectively. For level 5 (Ω π = 3/2 − ), 2p 3/2 is the dominant component with a probability of 78.6%. The low centrifugal barrier for p waves gives rise to the formation of the halo.
The shape of the halo originates from the intrinsic structure of the weakly bound or continuum orbitals [43, 45] . As discussed before, for the ground state of 42 Mg, the halo is mainly formed by level 4 and level 5. We know that the angular distribution of |Y 10 (θ, φ)| 2 ∝ cos 2 θ with a projection of the orbital angular momentum on the symmetry axis Λ = 0 is prolate and that of |Y 1±1 (θ, φ)| 2 ∝ sin 2 θ with Λ = 1 is oblate [45] . For level 4 (Ω π = 1/2 − ), Λ could be 0 or 1 since the third component of total spin is 1/2. However, it turns out that the Λ = 0 component dominates which results in an oblate shape. For level 5, since the third component of the total spin is 3/2, Λ can only be 1, which corresponds to an oblate shape too. Therefore in 42 Mg the shape of the halo is oblate and decouples from the prolate core.
V. SUMMARY
A deformed relativistic Hartree Bogoliubov theory in continuum is developed in order to describe deformation effects in exotic nuclei allowing for halo structures. The deformed RHB equations are solved in a Woods-Saxon basis where the radial wave functions have a proper asymptotic behavior at large distance from the nuclear center. This is crucial for the formation of a halo. The formalism and the numerical details of the deformed RHB theory are presented. Routine checks are made including convergence studies of the deformed RHB results concerning the mesh size, the box size and the size of the Woods-Saxon basis. The results are compared for spherical nuclei with solutions of the 1D continuum RHB equations in the radial coordinate r based on the RungeKutta method.
The deformed RHB theory in continuum is applied to study the chain of magnesium isotopes with the parameter sets NL3 and PK1 of the Lagrangian. Except for the different prediction of the two-neutron drip line nucleus, the results of neutron Fermi surfaces and two neutron separation energies are very similar for both parameter sets. The calculated two neutron separation energies S 2n of magnesium isotopes agree reasonably well with the available experimental values except for 32 Mg, a well known problem connected with the shape and the shell structure at N = 20. For 32 Mg, the gap between the neutron levels 1d 3/2 and 1f 7/2 is almost 7 MeV which results in a strong shell closure at N = 20. The nuclear radii are also investigated, the deformed RHB results agree well with the experiment for matter radii. The proton radius is almost a constant with a very slow increase with increasing N due to the neutron-proton coupling included in the mean field. A sharp increase in the neutron radius is observed at 42 Mg. Detailed results are shown for the two-neutron drip line nucleus 42 Mg with the parameter set PK1, which is well deformed. The ground state of 42 Mg is prolate, however, it has an oblate neutron halo. By examining in detail the density distributions, the pairing tensor, and the single particle levels in the canonical basis in the deformed nucleus 42 Mg, it can be understood, why the shape of the neutron halo decouples from that of the core. It is shown that the existence and the deformation of a possible neutron halo depends essentially on the quantum numbers of the main components of the single-particle orbits in the vicinity of the Fermi surface and the shape of their single-particle density distributions.
In stable nuclei, there are situations that the levels of valence nucleons are sometimes also well separated from the core. It is, however, a difficult question, whether there exists cases of such a decoupling of shapes as we have seen here in the case of loosely bound valence orbits close to the continuum limit, because in stable nuclei even the valence nucleons are well bound in the average potential.
We can conclude that spherical and deformed relativistic Hartree Bogoliubov theory in continuum is a very powerful tool providing a proper description of exotic nuclei including halo phenomena, because it takes into account in a self-consistent and microscopic way polarization effects, shape changes of individual orbitals, pairing correlations and the coupling to the continuum with proper boundary conditions. These basis functions are obtained from the solution of a Dirac equation with spherical potentials of WoodsSaxon-shape [77] 
on a mesh in r-space using the Runge-Kutta method. For each κ we have eigenstates with positive and negative eigenvalues ǫ nκ and for completeness of the basis the sum over nκ has to include states with positive eigenvalues and those with negative eigenvalues [38] . This has nothing to do with the no-sea approximation which is applied in the final quasiparticle basis where the sums over k in Eq. (9) runs only over solutions with positive single particle energies.
Since the RHB equation (19) has to be solved in this basis one has to evaluate matrix elements of the form
In order to simplify the calculations, the integrations over the angles are carried out analytically using well known angular momentum coupling techniques and only the radial integrals are calculated numerically. For local potentials we need the following products of basis wavefunctions The Dirac Hartree-Bogoliubov equations [74] read in coordinate space
where E k is the quasiparticle energy and λ the chemical potential. On the Hartree level the Dirac Hamiltonian is local
For the zero range pairing force in Eq. (11) which projects onto the S = 0 part of the pairing density, the pairing field is local too and does not depend on the spin variables ∆(rp, r ′ p ′ ) = δ pp ′ ∆(rp)δ(r − r ′ ).
In this work we restrict ourselves on pairing fields diagonal in the quantum number p (see Appendix F). These equations of motions are solved by expanding the spinors U k and V k in terms of a Woods-Saxon basis of Dirac spinors ϕ nκm (rs) in Eq. (18) with positive and negative single particle energies ǫ nκ . For the self-consistent solution of the Dirac equation (5) with deformed potentials of axial symmetry, we expand the potentials S(r) and V (r) in terms of the Legendre polynomials as in Eq. (14) . The deformed Dirac Hamiltonian h D is divided into two parts, the spherical Woods-Saxon Hamiltonian h Here r > = max(r, r ′ ) and r < = min(r, r ′ ). The solution for the σ field is σ(r) = λ σ λ (r)P λ (cos θ),
with σ λ (r) = −4πg σ m σ h λ (im σ r)
where j λ and h λ are the spherical Bessel and Hankel functions. Similarly we find for the Coulomb field 
